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Kripke semantics (or Possible World semantics)
¥ Kripke frameF is anorderedpair (W, R)
W set of Possibl&Vorlds
R binary Accessibility Relationconnecting some worlds (R (WxW)

¥modelM = (W, R, ), wherel is interpretation (or valuation)
¥ Example: frameF ={W={1,2,3,4}, R={(1,2), (1,3), (2,3), (3,2),3,3)}}
particular interpretatioh= {(p, {2,4}), (q,{2,3})}

- P —q
Node==W - @
Edge==R

Axioms arearestrictionon R
Label== 7 Yy
-, —q

S0,WOrldsZ and3 are successor worlds or word
and,p is truein world 2 (so, 2 1(p)), and false in world 1

Consider a particular world
¥ box operator(lJ#) trueif formula(#) is truein al/l immediatesuccessoworlds

¥ diamondoperator($#) trueif formulais truein at least one successoworld

Example[dCp is false at world 1 in pdelM
p is falsefor transitionsl to 3 to 3; pis falsefor transitionsl to 2to 3

satisfiable= truefor someworld/model
valid = truefor everyworld/model

Hand-crafted proofs in specific situations are possible
- e.g.Model CheckingAlgorithm (notshown)
But what abouhutomated proofs?




Classical Translation

Correspondence Properties

of Modal Formula
(not implemented here)
PP, x) = Qux)
(L, X) =1
L(T,x) =7
L, x) =71(", x)

(", X)= 1 (#, X (%)

where ${—, <, v, A}

L (o#, X) =VY(R(X,y) = (#,Y))
L (o#, X) =3y(R(X,y) A! (O#, Y))

¥ Translatea modalformula by exhaustive

¥II

O#= Ao

p is propositionalariable
#," are modal formulae

X, y are unique FOL vables

application 6 the abovetransformations
is valid in K iff
vx( (", x)) is vald in FOL

thatis IX(! (A", X)) is unsatisfiable in FOL

Axiom | Modal Axiom Property of R Correspondence Property Corr)
T Mp — p Reflexive VX R(X,X)
D Mp — Np Serial Vx3ay R(X,y)
B p — MNp Symmetry | ¥xy (R(X,y) — R(Y,X))
4 Mp — MMp Transitive vxyz (R(x,y)A R(y,z))— R(x,z2))
5 Np — MNp Euclidean vxyz (R(x,y) A R(X,2))— R(y,2))
alt, Np—Mp Functionality | Vxyz ((R(x,y)A R(x,2))— (y=2))
ETCE

modal formula, !, is valid in K.Axiom iff
Corrpiom 1 EX(" (A, X)) is unsatisfiablein FOL

Scott-Lemmon Algorithm (197s)
Modal Formula ...
N hMi(l)f M'N "¢
where values h=0, i=1, j=2, k=3 in Mpf MMNNN ¢

Ve

Correspondence Property E
Avyz(R"(v,y); Ri(v,2))f O x(R'(y,x)| R'(zx))

where R’ means equivalence
R*(x.y) means R(x,2)] R(z.y)

etc
Axiom 5 isNM¢ — M¢ with values h=1, i=1, j=1, k=0, aradcorrespondencerpperty

vvyz (R(V,y)ARY(v,z))— I x(RY(y,X) A R%(z,x))
vvyz (R(V,y\R(V,2))—= IX(R(Y,X) A (z=X))
vvyz (RV,y)AR(v,2))—R(y,z) Euclidean

Other& SCAN. handcrafted




Implemented in extended-SPASS

* extended-SPASS does not implement classical
translation of modal axiom, but does implement
correspondence properties of axiom

For example, M(( M(r,p)); M(r,q) ) in KB, is simply
C ( M((! M(I',p)): M(r ,q)) ) [Translation of modal formula]
| AXYRx ) R(yx)) [Corr(B)]

Classical tr anslation of some axiomso f modal lo gic
Axiom Classical Translation
T reflexive VX(R(X,X))
D serial vx3y(R(X,y))
B symmetry Vxy(R(x,y) — R(Y,X))
4 transitive Vxyz((R(x.y) A R(y,z)) = R(x,2))
5 Euclidean Vxyz(R(X,y) A R(X,z) — R(y,2))

alt ; functional Vxyz(R(x,y) A R(X,2) — (y=2))

4’ Vxy(RH(xy) — R(x,Y))
43 vxuyz((R(x,u) A R(u,y) A R(Y,2)) — R(x,2))
4 Vxuvyz((R(x,u) A R(u,v) A R(v,y) A R(Y,2)) — R(X,2))
5% vxyz(R (x,y) » R(x,z)— R(Y,z))
52 vxuyz((R(x,u) A R(u,y) A R(X,2)) — R(y,2))
5 vxuvyz((R(x,u) A R(u,v) A R(v,y) A R(X,2)) — R(Y,2))
alt [t Vxyz(R *(x,y) A R 2"{(x,z) — (y=z))
alt 112 Vxyz(AU(R(X,u) A R(U,Y)) A V(R(X,V) A R(V,2)))— (y=2))
alt 1211 Vxyz(Eu(R(X,u) A R(U,y)) A IvW(R(X,V) A R(V,W) A R(W,2)))— (Y=Z))
Z:E 1, Vxyz(Fuw(R(X,u)A R(u,w) A R(wW,y)) A IV(R(X,V) A R(V,2)))— (Y=2))
1

(y=2))

Vxyz(@Quw(R(x,u) A R(u,w) A R(w,y)) A 3vg(R(x,v) A R(v,g) A R(9,2))) —

extended-SPASS Syntax

¥ Axiom combination K5'c is defined by flags

O-EMLAxiom=1

DEMLClassLog5K=1 BEMLClassLogFac5=30 .
¥ Reports ...

Requested Composition ... K,5Kc[3]

list_of settings(SPASS).
*

set_flag(EMLAxiom,1).
set_axiomflag  ([r,Bc],[r,5c],[r,Tc]).
“}

E
list_of_symbols.
predicates[(Rr,2),(r,0),(p,0)].
translpairs[(r,Rr)].
end_of_list.

list_of_special_formulae(axioms,eml).
prop_formula( noAxiom(

forall([x,y],equiv(Rr(x,y),equal(x,y))) %Axiom TR

pr.op_formula(
and(box(r,p),dia(r,true))

qn.d_of_list.
E

formula) N"M pﬁl\/} Nkp

¢ slf(modality index,

list of special formulae(axioms,eml).
prop_formula(
not (implies(not (box(r,not(box(r,p))))
(box(r,p)))
).
prop_ formula(slf (
r,implies(dia(r,box(r,p)), box(r,dia(r,p)))
)) -

end of list.




Scott-Lemmon translation (correspondence properties) for selected axioms

with results for translation of formula 5 in each axiom (500 seconds execution time; C = Completion (Satisfiable); P = Proof
(Unsatisfiable); X = ran out of execution time)

OMTigf ok

SLF Axiom Term created Res
index ult
0000 None | ¢°0°%p—0°®°p | TRUE c
1000 O'°p—0°0%p [ VW, V] (R (V,W)—(W=V)) P
0100 T O O'p—0°0%p [ V[W,V]((W=V)—>R.(W,V)) C
0010 O Mp—O'C%p [ VW, V] (R (V,W)—(W=V)) P
0001 O Mp—°O'p | VW, V] ((W=V)—R.(W,V)) c
1100 O'O'p—-0°0% [ VW, V] (R (V,W) >R, (W,V))** C
1010 Alt, | o'0%p—0% | V[V,W,U]((R(U,V)AR,(U,W))—(W=V)) X
1001 O'M’p—O°C'p [ VW, V] (R, (V,W)>R, (W, V))** C
0110 O O'p—O'C% [ VW, V] (R (V,W)>R, (W, V))** c
0101 D O0'p—0°C'p | VW, V] ((W=V)—3I[X](R(V,X)AR.(W,X))) c
0011 B O Mp—-O'C'p [ V[W, V] (R (V,W) >R, (W,V))** C
0111 OT'p—'O'p | VW, VI(R(V,W)—=3[X] (R (V,X) AR (W, X)) ) c
1101 O'O'p—O°C'p | VW, V] (R, (V,W)—I[X] (R, (V,X)AR,(W,X))) c
1011 5 O'°p—O'O'p | V[V, W,U]((R(U,V)AR(U,W))—R(W,V)) P
1110 O'O'p—'C% | V[V, W, U] ((R(U,V)AR (U, W))—R.(W,V)) P
1111 G O''p—0'O'p | V[V, W, U] ((R (U, V) AR (U,W))—I[X] (R (V,X) AR, (W,X))) X
0120 4 O O'p—*0% | V[V, W, Y] ((R(Y,W)AR(V,Y)) >R (W,V)) X
0210 DEN O Pp—O'C% | V[Y,W,V](R AV, W)= (R (Y,V)AR.(W,Y))) P
1002 O0%p—0°Cp | V[Y,W,V](R(V,W)— (R (Y,V)AR,(W,Y))) P
1120 DBBB O'Op—[*0% VIV,U,W, Y] ((R(U,V)A(R.(Y,W)AR (U,Y)))—>R (W,V)) X
2100 B2 OO'p—0°0%p | VIW,V,Y]((R(Y,V)AR,(W,Y))—>R,(W,V)) X
0002 O0°p—°C’p | V[Y,W,V]((W=V)— (R, (Y,V)AR(W,Y))) P
0020 O Mp—*O% | V[V, W, Y] ((R (Y, W) AR (V,Y))—(W=V)) X
2200 O Pp—-0°0%p | V[2,W,V, Y] ((R(Y,V)AR(W,Y)) = (R (%, V)AR,(W,Z))) C
2220 O Pp—*0% | VI[X,,V,2,U,W, Y] (((R(Z,V)AR (U, 2))A(R(Y,W)AR, (U, Y¥))) = (R (X1, V) AR (W, X,))) c
2020 O °p—1*O% | VIV, %,U,W, Y] (((R:(Z,V)AR(U,2))A(R(Y,W)AR(U,Y)))—(W=V)) X
0202 OPp—0°Cp | V[2,Y,W,V]((W=V)—>3[X] ((R:(Z,X)AR(V, %)) A(R:(Y,X) AR (W,Y)))) P
2022 O p—[FPO’p | V[X,,V,%,U,W, Y] (((R(Z,V)AR(U,2%))A(R (Y, W)AR(U,Y))) = (R (X1, V) AR (W,X1))) c
2202 VX1, %W,V Y] (R (Y, V)AR (W, Y))—>T[X] ((Re (X1, X) AR (V, X)) )A(R(Z, X) AR (W, Z) ) )
OZDZP_>Do<>2p ) c
2000 O °p—0°0%p | VW, V, Y] ((R(Y,V)AR(W,Y))—(W=V)) X
2222 VX200 X1,V %, U W, YT (((Re(Z,V)AR (U, 2) ) A (R (Y, W) AR, (U, Y) ) ) =3 [X] ( (R (X, X) AR, (
O Pp—[IPOp | V,X,) )A(R (X1, X) AR (W, X)) ) ) c
0022 O O°p—1*O’p | V[2,V,W, Y] ((R(Y,W)AR(V,Y))—=(R.(%,V)AR,(W,Z))) c
0222 O Pp—*O’p | V[X,,2,V,W, Y] ((R (Y, W) AR (V,Y))—I[X] ((Re (X1, X) AR (V,%X;) )A (R (Z,X) AR, (W,Z))) c
3333 VI XerXssXer X3V, X0, X0, U, W, 2, YT (((Re(X2y V)A (R (X1 s X2 ) AR (U, X)) ) A (R (2, W) A (R (Y
1Z)AR(U,Y)) ) ) =3 [X] ((Re(Xer X)A(R (X5, X6) AR (V, Xs) ) ) A (R (X X) A (R (X3, Xy ) AR (W
OTp-0% | ,%1))))) <
3100 B’ O*O'p—0°0%p | VIW,V,2, Y] ((R(Z,V)A(R(Y,Z)AR,(W,Y))) >R, (W,V)) X

** Severalformulationsgive riseto the sameaxiomunderthe Scott-Lemmorelgorithm




Results and Execution times for Translation of 119 problems with
modal axioms translated as Correspondence Properties

200 seconds execution time; Completion (Satisfiable); Proof (Unsatisfiable)

Total Execution Time in msec
No. Proof Execution Time in msec Completion Execution Time in msec
Axiom (problems . No. No.
Solveq |Median  MeanxSD Max |problems/Median Mean*SD Max Problems |Median Mean=SD Max
(failed) Solved Solved
T, 119(0) 20 32+29 210 15 20 32+51 210 104 20 32495 130
B, 119(0) 30 118+327 2890 21 30 46+46 180 08 30 133+358 2890
D. 119(0) 20 2823 140 8 10 2638 120 111 20 28+22 140
4, 25(94) 70 622+1603 7970 25 70 622+1603 7970 0
5. 48(71) 115 628+1249 5320 48 115 628+1249 5320 0
Alt,, 18(101) 35 5550 180 18 35 5550 180 0
4%, 11(108) 830 21267+44005 128870 11 830 21267 £44005 128870 0
43, 5(114) 70 21702%32243 72050 5 70 21702 +32243 72050 0
52, 14(105) | 2125 29384+48904 149420 14 2125 29384 +48904 149420 0
5% 3(116) 10 3746 90 3 10 37+46 90 0
Alt, ', | 8(111) 8945 2879442380 114670 8 8945 28794 +42380 114670 0
Alt, ', | 5(114) 130 656+878 1980 5 130 656 +878 1980 0
Alt,'2, | 3(116) 20 53+67 130 3 20 53+67 130 0
Alt, %2 | 3(116) 20 63184 160 3 20 63+84 160 0
T 4. 35(84) 110 12239 £33058 151120 35 110 12239 +33058 151120 0
T.B, 119(0) 30 84+176 1170 30 20 47+70 340 89 30 97+198 1170
DB, 119(0) 30 106 +336 3060 25 20 3643 220 94 30 125+375 3060
D4, 42(77) 690 11701 +30755 137360 28 1705 17270 +36602 137360 14 355 562 +520 1600
4 B, 69(50) 140 860+2888 21490 69 140 8602888 21490 0
5.B, 71(48) 90 4458 +24466 191040 71 90 4458 £24466 191040 0
T.5, 77(42) 140 6832977 25940 77 140 683+2977 25940 0
T_4_B_ 75(44) 190 245816494 143050 68 115  2583+17325 143050 7 690 1237 +1377 3920
D 4B, 57(62) 320 6125+21915 148000 57 320 6125+21915 148000 0
Axiom | Property of R [ Correspondence Property (Corr)
[ ] L) .
Difficult problems are 4 | Transive | vxyz (ROY)A R(y.2)— R(x.2))

5 Euclidean vxyz (R(x,y)A R(X,2))— R(y,2))
4,5, Alt1 (4K, 5K, AlthK) al, | Functionality |vxyz (R(xy)~ R(x.2))— (y=2))




Why is this not good enough?

¥Forsomeaxioms[T, B, D] problemsaresolvedquickly - great!

¥But, manymodalaxiomsdefineproblemswhich run out of executiontime

- frequentlythe problemsimply increasesn sizeasresolution
proceedsvith no solutionfound

- for orderedresolutionthereis no singlemaximalliteral

¥Thisis truefor the Otriangulaaxioms®, alt,, 5], andalsofor axioms

with largerOchainsgd predicateg4X, alt<K, 5]

¥Not everymodalaxiomhasa FOL correspondenceroperty

example axiomM O0p £ O0p
Note: Somepropertieshaveno modalequivalentexampleasymmetryjrreflexive, antisymmetry E

Axiom 5. Euclidean op f [OOp || Axiom 4. Transitive Op f [OCp
Axyz (R(xy); R(x,z))f R(y.z)) Axyz (R(xy); R(y,z))f R(x,2))

givenR={(x.y), (x,2)} givenR={(x.y), (v,2)}

%




Axiomatic Translation of a modal formula.

Principle: Axiomatic Translationis extensiorof classicakranslationwhere

translationstopsbeforethefinal box operatoreliminated,sobothp andlp areregarded
asgroundterms leadingto predicateermslike Q,(x) and Qg (X) (GpandCip hold atworld x0)

[1(9) = 3x Q,(x) A A\{Def@) | € Sf(q)}

* Sf(p) denotes the set of all sub-formulae of ¢
* Q , is apredicate symbol uniquely associated with modal formula ¢
* Sub-formulae are processed according to definition of Def(1)

Various optimizations, for example
¥ Translationof a predicatesub-formula

Defy) = Vx(Q,(x) — m(, X)) vX(Q (x) = Q. (x))
_ ¥ Sub-formulaewith a leadingA are neglected
A VX(Qy(x) o TQ (X)) [Vx(Qy(x) = Qo (NAVX(Q,(x)¢— "Qy(x))] ¥ Sub-formulaewith A canbe re-ordered
A VX(Q. (%) = m(~y, X)) to produce equivalent terms
Shortcuts

Note this definition includes the reverse implication for the second term
* May be needed for completeness

where m(L,x) =1 mp,x) =T n(p,x) = "Q,x) . P
A X) = Q) A Q) ACWADLX) = Qo0 v Quyx) " expression Vx(Qu(0 Q-(x)

(@Y, X) - VY(R(X, y) — Qu(¥)) extended by conjugation with Vx(Q, (x)«— Q- (X))
oy, x) = FYRE, y) A Qy(¥)) to Vx(Q(x) <> "Q-,(x))

TOPAPAP, X) Q,(X) A Q) A Q) * In many cases these shortcuts are optional for completeng

* Positive shortcuts act as guesses to the successful proof
or refutation, often resulting in shorter / quicker proofs

T (WAPAY), X) Q¥ v Qy(x) v Q(x)

Example of Instantiation Set for this modal formula:
S S S S S S S
!
M ( ¢ M p ¢ M qg )
Listing the sub-formulae gives
1. M Mp)} Mg) 5. p
2. 'Mp! Mq 6. Mq
3. ! Mp 7. q
4. Mp




Axiomatic Translation of Modal Formula in axiomK
An Example
¢ ([AOC Op} Oq)) ExQu mp! mgy(X)
Ax(Qoe op o) T AYREYf Qo oy(Y))

Ax(Qoq op! og(X) ] Qi Op! Og)(X))

Ax(Qr oo o o) f EyRX.y) Qi o g (Y))
MANY Ax(Qr gy o) F (Qr (31 Qoy(X))
Ax(Qi o o) Qi o (X))
terms are Ax(Qi oy o) F (Qoy(x)VQ1 gy(x))
created AxQop(x) T AYRE Y Qyy))
AxQo,(0 ] Qi)

Ax(Qi () f - Ey(R(x.,)} Qi ()
Ax(Qo(x) f AyRxYf Quy))
Ax(Qz(0) ] ' Qig(x)
Ax(Qio,(x) f Ey(R(x.)} Qi ()
Ax(Q,(x)j Qi ,(x)
Ax(Qx) ] Qi (x)

Standardization of modal formula prior to translation

Remove Trivial Terms: leavin g onIy : — L
Jvip=1J lvp=p Eliminate Diamond: Op="Up

Jip=p bip = Eliminate True: J="

't = ,‘] Jtop=p Eliminate Bi-implication: (p<—q) = (p—q) A (p<—q)

pf 1 = "p pf J =1 Eliminate Implied: (p<—q) = (q—p)

la p=p Ja p = Eliminate Implies: (p—q) = ("pvq)

pa 1 = pa J =p Eliminate Or: (avb) = "("an™b): (avbve) = (Can baTc): ...

'lop = I'p JIop=vp Eliminate Nested A / Expand L1 over A: A (p, A(ab),q, p) = A(p,ab.q)

plo T ="p Pl J = Opag) =0p AOg

-

Eliminate Double Negative: " p=p




Axiomatic Translation of Modal Axioms (1)

Axiomatic Translation of common modal axioms
Axiom Translation of CI(r,p) New
symbols
T reflexive Ax( Aer,p(X) V QX)) None
D serial AX( AQ]r,p(X) \ QADr,Ap(X) ) Dr,Ap
4 AX( AQa,,(¥) V AY(AR(X,Y)V Qo (¥)) ) None
transitive ~ _
. S AX(Ay(AR(X!y)V AQ:Irp(y)) v QEIr,p(X) ) None
euclidean
B symmetry AX(AY(AR(X,Y)V AQy oY) V Q (X)) None
Alt AX(AQu o(X) V QoradX) ) Or,Ap
functional

4" AX(AQo (X)) V AY(AR (X,¥) V Qo oY) None

42 AX(AQ, o(X) vV AYZ(AR(X,Y)V AR(Y,Z)V Q. (2))) )

43 AX(AQ o(X) vV Ayzu(AR(X,y)V AR(Y,z)Vv AR(z,u)v Q5 ,(U)))

5K AX(Qorp(X) V AY(AR (X,y) V AQ oY) ) None

52 AX(Qap(X) V Azy(AR(X,2)V AR(Z,y)V AQq, 1 (¥)) )

53 AX(Qm,p(x) v Azuy(AR(X,2)v AR(z,u)v AR(u,y)V AQ, ,(¥)) )
alt [KIK2 Axyz( AR Y(x,y) v AR 2(x,2) V. AQi oY) V Qo 442) ) Or,Ap
alt ™ AX(AY[AR(X,Y)V AQu (V)] V AZ[AR(X,Z)V Qu, al(2)])
alt 1?2 AX(AY[AR(X,Y)V AQq, (V)] V Auz[AR(X,u)v AR(U,Z)V Q. ax(2)])
alt 2 AX(Auy[AR(X,u)v AR(U,Y)V Qi p(Y)] V AZ[AR(X,2)V Qor, ax(2)])
alt .22 AX(Auy[AR(X,u)v AR(U,Y)V AQio(Y)] V AVZ[AR(X,V)V AR(V,z)V

Qo ad2)])
Derivationof Axiomatic Translations of Common Axioms:
VpYX((Ap,X) — At(p, X)) [1]

2 Vpavx(m(p*q,x) <> ((p, X)*=(q, X))) [2] where* € {—., < v.A}
N otice o _ VpYX(a(p.X) — VY(R(KY) — (DY) [3
¥restrictions on accessibility relation R  Axioms: -0-Cpf O

. . o ApAx(! (O-Op f Opx) " ApAx(! O-Opx) f  '([Opx))
¥new predicate terms arise like o T A G oy

- and " ApAX(CAYR(xy) f T =Opy) f o HOpx))

QDP QDP " ApAX(CAYR(xy) f - (@py) f ! (@px)
Re-writing gives Ax(~AYRxy) T —=Qo(y) f Qoy(x)

" AX(AY(ER(XY) V QoY) V- Qoy(x))
Ax(Ay(-R(x,y) V 7Q,(y) V Qu,(x))

[from 2]
[from 1]
[from 3]
[from 1]




Axiomatic Translation of Modal Axioms (2)
¥ For each modal-axiom a new term is added (A) to output
¥ Use edited version the instantiation set, in which only sub-terms immediately
below a box (M) symbol are included .... M!'"  Sf(#)

¥ Each sub-term of the edited-instantiation set is translated by applying the stated
formula e.g. Axiom 5: VX(VY(AR(X,Y) v AQu,(Y)) vV Qumrp(X) )

Example ¢ = M(("M(r,p)) A M(r,q)) in KB [recall B is Vx(Vy(=R(x,y)v=Qwm,(y)) v Q,,(x))]
The edited instantiation set is

1. M(("Mp)AMq) 2. Mp 3. Mq
So @ in KB is
[T(M(C"Mp)AMQq)) [as defined above]
A IX(VY(EREY)V QMMM (YD) V Q-Mpamg(X)) B(M("MpAMq))
A VIX(VY(ERXY)VQumy(Y) v Q%)) B(Mp)
A VR(VY(R(XY)v=Qu(¥)) v Q (X)) B(Mq)

¥ New predicate symbols may need to be Defined- that is translated in Def(! )
¥ For axiom D, the translation is "Qg. (X)VQ_o.+(X)

¥ The predicate Q_o.. is new, so the new term [I! " that needs to be Defined

@ in KD is ¢ (M(( Mp)} Mq)) [as defined above]
AX( Qo mp! Mg(X) V Qg ! Mgy(X) ) [D(M(( Mp)} Mg))]
AX(=Qwmp(x) V Qm-p(%) ) [D(Mp)]
AX(—Qumg(X) V Qm-(X) ) [D(Mg)]

| AX(Quw ¢ v F AYRE, Y) T Qu iy mg(Y))) [Def(M' ¢ Mp} Mq) )]
: Ax(Qum @ Mp! Mq)(x) J ! Qm @ Mp! Mq)(X))
: Ax(Qiwm (¢ Mp! Mq)(X) f Ey(R(x,y) : Q Mp! Mq(Y)))
I Ax(Qu,(x) T AyRx,y) f Q () [Def(M' p)]
| AX(Qu, (0] Qi (X))

: Ax(Qiw () f EyR(x,y) 1 Q,()))

I Ax(Qu ) f AYRE, )T Q) [Def(M' q )]

L AXQu® Q)

l AxQiw () f EyR(x,y) 1 Q)




Compositional Terms for modal axioms 5 and 5%

For axiom 5
* The instantiationset (°,) of sub-formula belova box ((J) symbol is not complete

- Additional term of form CIACh for eachsub-formulaThy mustbe includedin the
instantiaton set, andefined, SO: Oy, = Oyx°, U OATY®,

* The defaulttranslationof axiom5 is KSO indicating inclusion of compositional terr

Example AIOOpAOOp* (in K5 satisfiable; but in K5unsatisfiable).
O °. is {O000p, OOp, Op }, andSf(*) = {AO0OOpAOOp, OO0Op, OOp, Op, p }
andthetranslationis [T1(AOOOpAODp)
~ 5(00p) A 5MR) A5Cp)
A Def(0J-000p) A Def(CI-C0Cp) A Def(Cl-Cp)
A 5(0-000p) A 5(0-00p) A 5(C-Cp)
Similar concerns apply to axiom 5'

AOOOpAOOp in K5® thetranslaton is

_ [T(AOOOpAOOp)
Notice the ~ 5(000p) A 5(00p) A5%p)
A DefOOAOOOp) A Def(OOAOOp) A Def(OOOAp)
great A Def(0-0O00Op)* A Def(O-00p)* A Def(CO-Cp)*
Increase in A Def(O-0O0C0p)* A Def(C~00p)* A Def(C-Op)*
A 53(000AO0Op) A 53(O000AOOp) A 53(O00AOp)
the number A S(O0-000p)* A 53O0-~00p)* A 53(C0-Cp)*
Of terms A 53 ([O-000p)* A 5°(O-00p)* A 53(0O-0Op)*




Composition of the Axiomatic Translation of

Composition in a Series of Modal Axioms

Common Modal Axioms

Axiom |Modal representation |For

of axiom composition
T, Op—p Nothing
B, AOAOp— p OACp
D, Op — ADAp OAp
4% Op — OkOp O*Cp
4, Op — O0p L0p
4, Op — OO00p O00p
£, Op — O00Dp OO00p
5K, AOKAODp — Op OXACp
5 AOAOp — Op OAOp
5%, ACOACp — Op O0AOp
5% AOODAOp — Op OO0ADp
alt,*™*? | AO%Op — O%OAp IZIKZIZIAp & I*'Op
alt, |Adp— OAp DAp
alt,™, | AOOp— O0Ap O0p & O0Ap
alt,*%, | Aodp — OO00Ap O0p & OODAp
alt*;, | Aooop — ODAp O00p & OOAp
alt®%, | Aooop — OODAp OO0p & OO00Ap

Composition Mechanism
* To ensure completenessaxiom combination K4 B,
requires instantiation sets ¥, = %", & ¥z =¥'s
* Example @=-(M-MpvMp) in K4B
o Sf(g) = { "M-Mp; ~Mp, M=Mp, Mp, p }
My, = { M =Mp, Mp }
o Translation
¢ (M=MpvMp)
i 4(M-Mp) | 4(Mp) | DefiMM=Mp) | Deft MMp)**
| B(M-Mp) | B(Mp)| B(MMAMp) | B(MMp)
o At ** instantiation set is updated to
MY = {M-Mp, Mp, MM=Mp, MMp}
o How is this derived? ¢ = M=MpvMp
* Similar considerations apply to the combination KT4 B
* with composition order of axioms in a sequence is important
since instantiation set updated in light of previous axioms
* all axiom combinations could use composition
o But KD B =KDB and KD 4 = KD4

o Inclusion of unnecessary terms
extends problem, and usually lengthen proof




¥ extended-SPASSffersamodein

which axiomcombinationsanbedefined
for which resulthasbeenprovencompletg
¥in experimentamode,any axiom
combinationcanbedefined

butthisis notguaranteedomplete
¥26 modalaxiomsimplementedsofar)

begin_problem(zzzzzz).
list_of_descriptions.
name ({* Problem:KK-bp,ddnp,g *}).
author ({* *}).
status (unknown) .
description({* *}).
end of list.

list_of symbols.
predicates[(R,2),(x,0),(p,0),(gl,0),(q2,0)].
end_of_ list.

list_of_ special_ formulae(axioms,eml).

prop_formula(

and (and(box(r,p),dia(r,dia(r,not(p)))),and(dia(r,dia(r,dia(r,dia(r,dia(
r,dia(r,ql)))))),dia(r,dia(r,dia(r,dia(r,dia(r,dia(r,q2))))))))

) -

end of list.

list_of special formulae(conjectures,EML).

end_of list.

extended-SPASS Syntax

* Axiom K5.B is defined by the flags combination
‘-EMLAxiom=1 —EMLAxiomLog5=1 —EMLAxiomLogB=1’
* Reported as
Requested Composition

¥ Axiom combination K .4c.50.Alt,>" is accessed using the flags combination
-EMLAxiom=1 —EMLAxiomLog5=2 —EMLClassLog4=1
—EMLAxiomLogAlt1KK=3 EMLAxiomLogFacl=2 EMLAxiomLogFac2=1
—EMLAXiomHidOpt=901000000

¥ Reported to the user
Building a General Composition Structure
Requested Composition K,4c,50,ALT1KKo[2][1]

list of settings(SPASS).

{*

set flag(EMLAxiom,1).
set_axiomflag([r,Bo],[r,50],[r,T]).

*}

Multiple Axioms and Conjectures in input problem are
automatically reorganized

(Al i A, | «A) | (7C | TC,,

. =C,))

list_of_ settings(SPASS).
{*

set flag(EMLAxiom,1).

set flag(DocProof,0).

set flag(Sorts,0).
set_flag(CNFRenaming,0).
set flag(CNFOptSkolem,0).

standard

options
for SPASS

set_flag(Select,0).
set flag(Splits,-1).
set flag(PGiven,0).
set _flag(PProblem,0).
*}

end_of_list.

set:flag(CNFStrSkolem,O).

Typical .dfg template input file for testing axiomatic
translation, for the problem bp,ddnp,g.dfg

GG (M(rp),  N(, N(r, !'p))), 1 (N(r, N(r, N(, N(, N

(r, N(ra 1)), N(. N(, N(r, N(r, N(r, N(rg ))))))-




Results and Execution times for Axiomatic Translation of 119 problems

200 seconds execution time; Completion (Satisfiable); Proof (Unsatisfiable)

Total Execution Time in msec Proof Execution Time in msec Completion Execution Time in msec
. No. No. No.
AXIOM  |problems Median  MeantSD Max |Problems | Median Mean=SD Max Problems |Median MeantsD Max
Solved Solved Solved

(failed) 4 15 53278 170 115 20 29%30 170

K 119(0) 20 30%33 170 15 50 49+20 90 104 60 62139 200

T 119(0) 50 61+37 200 21 20 34%26 100 98 20 106+363 3120

E ﬁgigi 28 12)21313808 féﬁg 8 10 56%119 350 111 40 106%192 1050
26 20 24%20 100 93 20 383+1388 8750
53 40 113x162 670 66 110 11093200 19320

19 30 49+94 430 100 40 138%251 1310
22 117(2) 40 2425410127 72670 13 20 48+80 310 104 50 2722110710 72670
43 90(29) 155 8908426582 135460 10 35 777+2334 7420 80 210 9924+28036 135460
52 73(46) 620 13544427403 120930 27 190  2742+10856 56810 46 4165 19884%31973 120930
5° 23(96) 1450 14500 +40754 194120 17 2450 18362+46974 194120 6 745 3555%7229 18240
alt,'? 87(32) 180 13855+32783 182750 12 45 72%72 240 75 380 16061+34832 182750
alt,>' | 85(34) 340 15178438295 197220 30 140 3949+18837 103520 55 650 21303144524 197220
a1t11'2 66(53) 440 6383+16898 108990 24 450 7123%+23517 108990 42 440 5961+11915 47520
alt?? 26(93) 5835 1157719485 75660 8 2775 19574%31956 75660 18 8170 8023%9715 34990
T4 119(0) 20 724175 1250 42 20 29%23 120 77 30 961213 1250
B 119(0) 20 67+198 1820 30 20 30+28 120 89 20 80£227 1820
DB 119(0) 40 87215061 50190 25 30 107+168 680 94 40 10755682 50190
D4 119(0) 40 48311823 14530 33 30 53+84 430 86 50 648+2124 14530
4B 119(0) 30 340+1423 13020 87 30 61+89 540 32 65 110012622 13020
5.B 115(4) 90 71712358 16750 86 80 515+1968 15680 29 160 131913222 16750
TS 119(0) 100 138519280 96470 93 80 180+234 1190 26 150 5572119562 96470
T4B 119(0) 40 42912158 20940 93 30 53+68 500 26 90 177414423 20940
D4B 119(0) 60 1798149000 78010 |93 50 133+235 1220 26 180  7752%18300 78010

¥Problems with axioms 4, 5, altl are solved (“reduced to decidable FOL fragments”)
¥only a partial solution to the problem where chains of predicates are still
present in the translation (4%, 5K, alt KK)




Number of test examples (from 119) for classical & axiomatic translations with the

(i) same (i) greater i) lower execution times, and the ratios of execution times
C = Completion(Satisfiable);P = Proof (Unsatisfiable)

time Classical time Classical failed only time Axiomatic
= Proof Complete + > Proof Complete + mean in classical > Proof Complete  +
time Axoimatic time Axiomatic ratios(P&C) Proof Complete time Classical

T 11 11 T 2 5 7 19&2 0 0 T 13 88 101

B 11 46 57 B 10 49 59 15&1 0 0 B 3 3

D 4 18 22 D 1 1 2 2&3 0 0 D 3 92 95

4 6 6 4 19 19 21.9 1 93 4 0

5 13 13 5 27 27 7.4 5 66 5 8 8
altl 4 4 altl 13 13 2.2 1 100 altl 1 1
412 2 2 an2 9 9 620.7 2 104 412 0
473 2 2 473 3 3 1205.3 5 80 413 0
572 0 572 11 11 215 13 46 572 3 3
573 0 573 0 14 6 573 3 3
altin,1 2 2 altinrl, 1 6 6 807.2 4 75 altinl, 1 0
altin2,1 2 2 alt1n2,1 3 3 245 25 55 alt1n2,1 0
altin,2 2 2 altin,2 1 1 3.3 21 42 altinl,2 0
alt1n2,2 2 2 alt172,2 1 1 2.3 5 18 alt1r2,2 0
T4 10 10 T4 22 22 763.9 7 77 T4 3 3

TB 19 36 55 TB 11 46 57 1.8&2 0 0 TB 7 7

DB 10 27 37 DB 4 4 1 0 0 DB 15 63 78

D4 5 5 D4 22 22 433.9 5 72 D4 1 14 15
4B 13 13 4B 46 46 24.4 18 32 4B 10 10
50B 9 9 50B 35 35 39.2 15 29 50B 27 27
T5 9 9 T5 39 39 13.1 16 26 T5 29 29
T4B 17 17 T4B 46 46 81.9 25 19 T4B 5 7 12

¥Improvements for axiomatic translation for triangular axioms and for satisfiable problems

* 119+ template.dfg files formulated, and executed in extended-SPASS with sever
dozen single axioms & axiom combinations applied in turn using flag-lsgséaix
SyntaX / #1/bin/csh

setenv t 200
cd template

usage foreach £ ( *.dfg )

nice SPASS -TimeLimit=$t -EMLAxiomLogT=1 $f > ../out/ basename $f .dfg .T.out
Il()t(3 nice SPASS -TimeLimit=$t -EMLAxXiomLogD=1 $f > ../out/ basename $f .dfg  .D.out
nice SPASS -TimeLimit=$t $f > ../out/ basename $f .dfg” .K.out

EetcE
end




Examples of usage

Summary of Counter-Examples (formulations that are not

complete)

The formulae that show discriminaition between complete and non-complete
formulations of the axiom combination are shown. Non-complete examples are in

brackets.

Discrimination between
formulation of modal axiom

Formula

[5] vs 5, bbp,dddd(q.,dnp); ddddddnq,dp,bbp; dddddng,bbbq;
ddddnq,bbp; ddddnq,dp,bbp; dddng,bbq; dddnqg,dp,bbp

[5°] vs 5%, ddddddnq.dp,bbp; dddddng,bbbq; ddddng,bbp;
ddddnq,dp,bbp

[5°] vs 5°,

[4B/B4] vs 4.B 5; aiml02_prop3iii; amai02b; dnq,dbq

[45B]

[5B/B.5,] vs 5,B

4; 472; 4A3; amai02; bbp,dddd(q,dnp); bp,dddnp.g;
bp,ddnp.g; bq,dddddddnq; bq,dddddng;
ddddddnq.dp,bbp; dddddnqg,bbbq; ddddnq,b(q,g);
ddddnqg,bbp; ddddnq,bq; ddddnq,dp,bbp; dddng,bbq;
dddnq,bq; dddnqg,dp,bbp; ddnqg,bq; demril; demri2

[T4B / TBo4 / Bo4oT / BoT4
] vs T40B / 40BoT / 40TB

5; aiml02_prop3iii; amai02b; dnq,dbq

T vs DT

None

[T5,] vs 5,T

4; 472; 4A3; amai02; bp,dddnp,g; bq,dddddddng;
bq,dddddnq; ddddnq,b(q.g); ddddnqg,bq; dddnq,bq;
ddng,bq; demril; demri2

[TB5/TB,5/B,5,T] vs T5,B

4; 472; 4A3; amai02; bbp,dddd(q,dnp); bp,dddnp,g;

/5B, T/5TB/BT5 bp.ddnp.g; bq,dddddddnq; bq.dddddng;
ddddddnq,dp,bbp; dddddnqg,bbbq; ddddnq,b(q,g);
ddddnqg,bbp; ddddnq,bq; ddddnq,dp,bbp; dddng,bbq;
dddnqg,bq; dddnq,dp,bbp; ddnq,bq; demril; demri2

[D5B/B,S5S.D/B.D,S5/ 4; 472; 4A3; amai02; bq,dddddddng; bq,dddddng;

D,B,5] vs D,;5.B/5,D B/
5,B,.D

ddddnq,b(q,g); ddddnq,bq; dddnq,bq; ddnq,bq; demril
partial... bbp.dddd(q,dnp); bp.dddnp.g; bp.ddnp,g;
ddddddnq.dp,bbp; dddddnq,bbbq; ddddnq,bbp;
ddddnq,dp,bbp; dddng,bbq; dddnq,dp,bbp; demri2

[D4B/B,D,4/BAD | vs
D,B.4/D4B/4,D.B/4B.D

5; aiml02_prop3iii; amai02b; dnq,dbq

Screening for Complete Varieties of S5:
T4,B 4, TB 4,B.T

D4B DB4 4,DB 4,B,D

5,T

T5,B 5,B.,T 5,TB B,T5

4,TB,5 4,T5B 45B,T 4,5 TB 4,B.T5 4,B,5T

B4.T5 B4,5T B5,T4 B54,T BT45 BT54

54,B,T 54,TB 5TB4 5T4B 5B4T 5B,T4

T4B5 T4,B,5 T4,5B T5B4 T54,B TB4,5 TB,54
T45 T4,5 T54 4,15 45T 57T4 54T

D4B5 D4,B,5 D4,5B D,5B4 D,54.B DB4,5 DB,54

4DB.5 4D.5B 45B.D 45D.B 4B.D,S5 4B.5.D
B.4D.5 B45.D B5D4 B54D BD45 BD.5.4
5.4B.D 54DB 5D.B4 5D4B 5.B4D 5.B.D.4

0 070 0 070 o000

D,5B 5DB 5BD

Which formulation of
S5 is solved fastest?

mean execution

Axiom (msec)
T54 7550
T54B 19410
T40B 77130
40TB 82120
50T 95370
D54B 127030

Bo50T4 144120
50T4 187850




Multi-modal Formulae

* Distinguish betweendifferent instances dhesamemodaloperator

* A modality index is attachedtio each modal operat®d(r,p) andN(r,p)

* Indicatesits scopeand allegiances within the modal formula

* Eachmodality is associatedvith a uniqueaccessibilityrelationship

* For exampleM(r, (AM(S,p) A M(t,q)))

e Sub-formulae{ M(r, (AM(s,p) A M(t,0))), AM(s,p) A M(t,q), M(s,p),M(t,q), p, g }

* Use R, S, andT for accessibility relations corresponding to modality indices r, s,

E(M(r, (AM(sp) A M(t,0)))) = IXQuir @vis prmcan(X)

A VX(Quir s pymean(¥) — VY(RXY)—Qavis pymiaY)) [Def(M(r,(AM(s,p)AM(t,))))]

A VX (Qwmir, aMis py Mt g X) <= " Q-mi=Mpamg (X))

A VX(Q-mgr,aMs py Mg X) — TY(RGYIAQ anis pyMe.ap (V) eXte n d e d = S PAS S Sy n ta.X
N vX(QAM(s,p)«M(t,q)(X) - (QﬁM(s,p)(X)/\QM(t,q)(X)) [DEf(AM(Srp)’\M(th))]

A VX(Qams pyMif(X) <~ Qavis pyMieap (X)) list of settings(SPASS).

A VX(Q-amspyMeap(X) — (Quigs pfX)V Q. q)(X)) {*

A VX(Qums pfX) — VY(S(X,y)=Qu(Y)) [Def(M(s,p))] set flag(EMLAxiom,1).

A VX(QM(s,p)(X) — ﬁQﬁM(S,p)(X)) set_axiomflag ([r,Bo]l,[s,50],[r,T],[s,T]).
A TX(Quws %) — FV(SHYNQ 1(¥) *}

A VX(Qui(X¥) — VY(T(X,y)—=Qy(Y)) [Def(M(t,a))]

A VX(QwiaX) < "Q-mea(X))

A VX(Q-m () — TY(T(X,Y)AQ_o(Y))

A VX(Qp(X) > "Qp(X) A VX(Qy(X) <= "Q4(X)) [from Def(p)& Def(q)]

* Particularly important when it comes to applying axioms
* Instantiation set for each axiom edited according to modality index
* When axioms applied to different modalities, they do not interact via instantiation set

For exanple ! (M(r, (AM(s,p)} M(t,0))))

: AX( Aq/l(r,(NVl(s,p] M(t,q)))(X) \' QAM(s,p] M(t,q)(X) ) T,I’(M(I’, (AM(Srp): M(tvq))))
| AX(AY(AS(X, YV AQuspY)) V Qu(X)) B.sM(s.p)])

: AX( AQuea(X) V QamiaqlX) ) D,{(M(t,a)])

|

|

Def(M(t,Aq))




Bi-modal Axioms

Axiom Correspondence Property AxiomaticTranslation
Translation New Composition
Term Term
CR AX(7Qp(X) V Qpgp(x)) None None
[rlpf [slp
CR2 Rxy) 1 Riy2)f AX(=Qp,(x) v Ay(-R(X,y) V Q1(¥))) None [s]irlp
[rlpf I[slirlp R(x.2)
CR3 R&xy)i Ryt AX(=Qp,(x) V AY(R(x. )V Qyp(¥))) None [r]s]p
[rlpf I[rl[slp R(x.,2)

extended-SPASS syntax

set axiom([r,s,Y],[r,X]).

* Bimodal axiom Y, where r and s are different modalitgices

¥Fine control over translation - many different options available

Not Covered here

¥Informationaboutthetranslationdisplayed- to help noviceusers
¥ Details of the optimizations used

¥Experimentalmplementatiorof an Axiomatic Translationof a GeneraModal

Axiom (currentlyin preparation)
¥Mixed axioms(e.g.T 4B, D.B, D 4)

Not Considered

¥n-ary axioms (referring to more than one modal formula)

e.g. HintikkaAO(@Opf q)f O@qf p); (R} R(x,2)) f

(R(Y,ZVR(z,Y)); AX(AY(AR(x,y )V AQ (Y)V QuIVAY(AR(X,YNV AQ(y)VQ,(Y))




Axiomatic Translations of Some More Modal Axioms

Summary of the Classical Translations (Correspondence Properties) and

Axiom Correspondence AxiomaticTranslation
Property*** Translation New Composition
Term Term
Shift Reflexive (SR) Rx,y)f R(y,y) AxAy(—R(x,y)V-Qo,(y)VQ,(¥)) None OCpf p)
OCpf p)
Convergence (G)* R(y.2); R(y.w) f Ax(Ay(=R(X,y)VQrp(y))VAY(—R(X,y)V =Qr-,(¥)) U-p U-Up,
obpf OOp Ex(R(z,x)! R(u,x)) 0-C-p
Dense (Den)** R(y,z) f Ax(Ey(R(x,y); =Quo,(y))VQr,(x)) None UCp
CCpf Cp ExR(x.2)i Ry X))
TriDviql (Tn) R(xy) x=y AX((~Qa,(OVQ, (I ~Q,()VQe, (X)) None None
p] p
McKinsey (M) Ax(By(R(x,y)} Qo(y)VEY(R(x.y); Qoy(y)) U-p 0-Cp,
OSpf OOp O-C-p
Lob (W) Ax(Ey(R(x,y); Qop(y)i 7Qp(y)VQr,(X)) None O@pf p)
O@pf p)f Op
B’ R(xy) | Ryz)f Ax(Ay(R(x,y)V Az(-R(y,z)V =Qm,(2))) V Q,(x)) None tt-Cp,
OOlpf p R(zX) O-Op
B’ Ax(Ay(-R(x,y) V Az(-R(y,z)V Au(-R(z,u) None QOO-COp,
Oootpt p vV Qo)) V Qy(x) CC=Cp,
-Cp
DBBB Rx.y) Rxu)} Ruz)) [ Ax(Ay(=R(x.y)V =Qm,(y)) V Ay(-R(x.y) V Qmy(¥))) None | [-Llp, OCp
SOpf OOp f R(y.z)

*In Scott-Lemmon with h=i=j=k=1

** In Scott-Lemmon with h=k=0, i=2, j=1

***f not otherwise stated all variables are universally quantified
¥A new modal axiom takes less than I hour to implement / test
¥Testing is simpler if a correspondence property can be defined
¥Implemented in a similar fashion to axiom 5, with ‘integral composition’,
and with shortcuts (no proofof morerestrictednstantiationsetneeded)
¥Automatedversionin preparatior(likely to be non-optimaltranslations)




Examples of the results of testing for new axioms

//project.kjsmith.net

Resultsfor the testformulae in each of the listed axiom$ontinued).

more at http

C is Completion in SPASS (satisfiable), P is Proof in SPASS (unsatisfiable), and X is ran out of time at 200 seconds execution time.

P

C

C
Cc

P

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C

C
C
C
C
C
C
C
C
C
C
C
C

cC [C X |C [C

cC IC X [C [C

cC [C X |C [C

cC [C X |C [C
C [C X |C [C

cC [C X |C [C

C [IC X |C |[C

C [IC X |C [C

cC [IC X |C [C

cC [C X |C [C

cC [IC X |C [C

cC [IC X |C [C

cC [IC X |C [C

CcC |IC X [C |[C

C [IC X |C [C

cC X X |C [C
cC [IC X |C [C
cC [IC X |C [C

cC X X |C [C
cC X [X |C [C
cC X [X |C [C
C X [X [C |[C
cC IC X [C [C

cC [C X |C [C
cC X X |C [C
cC [IC X |C [C

cC X X |C [C

cC X [X |C [C
cC X X |C [C
C [IC X |C |[C

C [IC X |C [C

C X [X [C |[C
cC X [X [C |C
cC [IC X |C [C

cC [IC X |C [C

cC X [X |C [C
cC X [X |C [C
C [IC [X |C [C

cC X [X |C |[C

P

P

C

C

X

X _|P

X

X _|P

X

X

C

C

P IC X X |C

X [ X X |[C

P |IC X X |C
P [C X X |P

P IC X X |P

P |IC X X |C

P

P

P

P
P

P
P

B? |B%, |B%|B> [B3, |B>.|DBBB|DBBB, |DBBB.|DEN|DEN0 |DENCc| DDEN |DoDENO|DEND|DOENDO|G |Go (Gc |SR [SRo|SRc|[TR [TR,|TRc

C |IC X | X [Xx |c
C IC X € X [X |C

C [ X | X

C [ X [c X X [C

C |IC X | X [X |C
C IC X | |c [X |C
C |IC X | X [X |C
C X X € X [X |C

C X X [c X X |[C
C |IC X | X [Xx |C

C [C X [ X X |[C
C IC X [ X X [C

©

C X X [X X X |[C

C X X X |X

C X X X X [Xx |C
C IC X € X [X |C
C |IC X [ |c X [C

C

©

P

C IC X € X [X |C

p
C

C
p

C X X | X [X |C
C X X |€ X [X |C

t171,1
t171,2
t172,1
t112,2

1 14
2 |4n2
3 14"3

5 |5"2
6 |53

10 |a

11 |a

12 |a

13 |a
14

15 |B"2

16
17

18 [Cxt

19 |bbp,dddd(q,dnp)
20 [bp,dddnp,g

21 |bp,dddp,g

22 |bp,ddnp,g

23 |bp,ddp

24 |bg,d

25 |bg,dddddddnqg
26 |bg,dddddng

27 |d(bp,ddng),ddbq

28 |d(dddddng,ddddbqg)

29 |d(ddddng,dddbq)
30 [d(ddng,dbq)
31 |d(dng,dbq)

32 |d(dng,dddbq)
33 |dbp,dd(np,bq)
34 |[dbp,dddddnp

35 |dbp,ddnp

36 |dbg,d(dng,ddp)
37 |dd(bg,ddddnq)
38 |dd(dng,dbq)

39 |ddddddng,dp,bbp




Precedence of Predicate Terms

The eml-module automatically sets precedence according to

‘Inverse popularity & sub formulae ordering’ rules
¥ Accessibility relationsR > otherpredicatetermsQ
¥ Orderingof Qbtermss basedonfrequencythat pedicate appears in tRéxar TErM
o Leastfrequentlyoccurringsymbolis assigned higherprecedence
¥ The termsare further ordered(at lower prority) so that
0 Q-termscontaining@ndderms> Q-termswithout Oand@rms(lateris a sub-
termof former)
0 deepQ-terms> shallow Q-terms(so Qoon, > Qo)
0 Qp > Qq, by simple Stringcomparisoron p andq (usingstrcmp()).

0 Q Aterm™ Qrerm (Ap > p)

Re-Organized Precedence = equal > true > false > div > id > R > r > p
> g > Rr > QOnot_and not box r not box r p not box r p > Qnot p > Qp >
Qand not box r not box r p not box r p > Qnot box r not box r p >
Qbox r not box r p > Qnot box r p > Qbox r p

¥ This Is important fadecidability
¥ Major increases in speed if an optimal precedence is chosen
¥Likely to be an area for further investigation




Overview of Sequence of Tasks in SPASS Execution for Axiomatic

Translation of An Input Problem.

| 1. Execute SPASS |

A
| 2. Enter EML module from SPASS |

| 4a. Read input problem |

Y
3. Initialize EML module

| 4b. Read SPASS options |

«— |

4.Read and analyze .dfg file

4c. Read EML module options,
including a list of Axioms to be
applied and a ‘mode’ for each of

A

these

5. Reorganize Axioms and Conjectures of input problem fro
Isolate formulae not to be transformed

m 4a.

]

5a. Provide summary to user

A

6. Standardize input problem

A 4

4—

6a. Provide summary to user

7. Perform Axiomatic Translation of input problem

A

7a. Provide summary to user

8. Perform Translation of Axiom for the input problem

8a. Provide summary to user

A

8c. Consider each Axiom in strict order

v

9. Set Precedence (if required)

v

‘_
o
-
p
'\ 8b. Conform to user defined
axiom translation ‘modes’ in

4c

10. Pass collected Terms from 5,7 & 8 to SPASS

11b. Conform to user

| 11. Perform SPASS resolution calculation on Translated Term ¢

defined SPASS options in 4b

v

| 12. Output result, timings, and other data from SPASS

| i KEY: Italics sections with

v

i light borders refer to

13. Clean up memory allocated to data, etc in EML module

i integration with pre-existing
i SPASS functionality. H

¥Implementedn C (usingEuropaEclipse)
¥Compileswith gcc;for Mac OSX (linux,
Windows/Cygwin,Solaris)
¥Designallows samecodeto be usedfor
uni/multi-modalmodallogic and
uni/bi-modalaxioms
¥Suitablefor educationak researchuse
¥Test& RequirementsSpecification&
Implementatiordocumentationprovided
¥Sufficiently fast

Over all the test examples, with all the applied axioms
and axiom combinations (16971 cases) the execution
time for the EML to FOL translation ranges up to a
maximum of 1.81 seconds, with the following statistics.

< 0.01 seconds 61 %
0.01-0.1 seconds 38 %
0.1-2 seconds < 1%.

¥No memoryleaksdetectedvhenexecuted
throughValgrind (onlinux)

¥Rangeof othertechnologiesised:Bison,
Flex, XHTML, JavaScriptCSS,PERL




The Web based extended-SPASS interface (1) (seehttp:/project.kjsmith.net)

O00 KJSpass =
‘i* v e ‘i" Il; | http:/ fwww2 .cs.man.ac.uk/~smithk /K)Spass/main.html v k= e ' * Google Q- 3
Apple Tesco OVC Hotmail Webmail cs.K]Smith.net Radiod BBC 7 YouTube Weather Hazel@kjsmith.net 1&1 Halifax QVC-USA 3

f KlSpass ax' v

list of descriptions.
name( { *Renate*}).
author|{*Renate*}).
status (unzatisfiable).

deseription({* A description logic example. *}).
end of list.

list of symbols.
functions|
{adam,0), (bob,0), (cauliflower,0), (cheddar,0)

predicates|
{plant,0), (Plant,1), (cheese,0), (Cheese, 1),
(food,0), (Food, 1), {person,0), (Person,l),
{(vegetarian,0), (vegetarian,l), (cheese_ lover,0), (Cheese_lover,l),
{eat,0), {Eat,2), (sibling of,0), (Sibling of,2)

]
................. EEIEHE:Plant:, (cheese, Cheasa) ,
(vegetarian,Vegetarian), (cheese_lover,Cheese_lover), -
(mat,Eat), (sibling of,Sibling of) | &

v

{food, Food) ,

~-EMLTranslation=0 -PProblem=1 -PCiven=1 -DocProof=1

Using SPASS 3.0 + Axiom. Trars code base. Email bug reports to smithk@cs. man. ac.uk Best viewed with Firefox (default font sizes)
CHJSmith, 2007

Done i?tg




The Web based extended-SPASS interface (2) (seehttp://project.kjsmith.net)

o006 KJSpass DOl ano Klspass
M e N ~ o
V‘ @ e ™ [l hetp: / fwww2 .cs.man.ac. uk/~smithk /KJSpass /main. htm ML e v Google Q) 3 (.J‘ @ /L‘ hnp:fjwwwz.(s.manAac.ukf~smilhk,ijSpassfmain.hlm\ v | = e Google
Apple Tesco QVC Hotmail Webmail c¢s.KJSmith.net Radiod BBC7 YouTube Weather Hazel@kjsmith.net 1&1 Halifax QVC-USA Apple Tesco QVC Hotmail Webmail cs.K)Smithnet Radio4 BBC 7 YouTube Weather Hazel@kjsmith.net 1&1 Halifax QVC-USA
M| KISpass (] M KJSpass S

Warning:
[BAxiom Input Term):
Defined AxiomFlag: r 4

Flag EMLFuncNdeQ has no effect together with relational translation metho
not {and(implies (not(box(r,box(r,box(r,not(box(r,p)))))),bo

[Axiomatic Translation Input] (not (implies (mot (box (r) (box (r) (box (r) (not (.
Reguested Composition ..... K,

In routine eml AxiomaticStd post eml EliminateTrue Term = (not (implies (not (box
[Bxiomatic Translation Standardized] (and (not (box (r) (box (r}) (bex (r) (not (bo
[Axiomatic Translation Def Units]

DEFUNITS 1 :box(r,p)

DEFUNITS 2 ox(r,not(box(r,p)))

DEFUNITS 3 :box(r,box(r,not(box(r,p)))

DEFUNITS 4 :box(r,box(r,box(r,not(box(r,p}))))

DEFUNITS 5

DEFUNITS € :and(not(box(r,box(r, box(r,not(box(r,p)))))),not(boxir,p)))

Translation of DEF = box(r,p)
1StTERM = forall([U],implies(Qbox r p(U),forall{[V],implies(Re(U,V),0p(V)))))
2ndTERM = forall([U],implies(0box_r_p(U),not(0not_box_r_p(U))))

2ndTERM+SC = forall((U],implied(QboX_r_p(U), not(Qnot_box_r p(U)))) b
3rdTERM = forall([U],implies(Qnot_box_r_p(U),exists([V],and(Rc(U,V),0not_p(V))))) &
Translation of DEF = box(r,not(boxi{r,p))) e

v
JefTREM = farallilll imnliesifhav r not how o+ onilll Forall W] imnliaeBri0l 1% Annk

(&) Jaln
begin_problem(zzzzzz). °
Execution
status(unknown).

list_of_descriptions.
name({* Problem:KK-5"3 *}),
desczlptlcnt(* translate([(X,r)),not(and(implies(not(box(r,box(r, box(r, n
end of_list.

e

Using SPASS 3.0 + Axiom. Trans code base. Email bug reports to smithk@cs. man.ac.uk Best viewed with Firefox (default font sizes)
@K ISmif

ith, 2007

=/

Choosing
Sample Scripts

htep:f fwww2 .cs.man.ac.uk/~smithk/KJSpass/sampleScripts [BAZ.4.dfg

Done

OO0 KlSpass = w

«- @ i‘ I hep -/ fwww2 .cs.man.ac.uk /~smithk/KISpass /main.itml ¥ | > e Gl Google Q) 2 -« @ /j} W1 http: / fwww2..cs.man.ac.uk/~smithk /K)Spass fmain. html v|E e Google Q) 4
Apple Tesco QVC Hotmail Webmail cs.KJSmithinet Radio4 BBC7 YouTube Weather Hazel@kjsmith.net 1&1 Halifax QVC-USA | Apple Tesco OQVC  Hotmail Webmail cs.KJSmith.net Radio4 EBC7  YouTube Weather Hazel@kjsmith.net 1&1 Halifax QVC-UsSA 2|
M KIspass ] M M KJSpass > -

begin_problem(zzzzzz).

list_of_descriptions.
name({* Problem:KK-5°3 *}).
author({* *}).
status(unknown) .
description({* translate([(X,r)],not{and(implies(not(box(r,box(r,box(r,notbe

end_of list.

list_of symbols.
predicates([(R,2),(r,0),(p,0),(g,0])].
end_of_list.

list_of_special_formulae(axioms,eml).
prop_formula
not{and(implies(not(box(r,box(r, box(r,not(box(x,p)))))), box(x,p)), true))

).
end_of list.

list_of_special_formulae(conjectures,EML).

ena ot TS Sample SCI’iptS

list of settings(SPASS).

set_flag(EMLAxiom,1).
set_axiomflag((r,4]).
set flag(DocProof,1).

Using SPASS 3.0 + Axiom. Trans code base.

Email bug reports to smithk@cs. man. ac.uk

Best viewad with Firefox (default I'nnt sizes)
mith, 2007

Clear

sset !lag(mim.ng K

sset tlag(maxiunnngnlr.ln 1)-
tset_flag(EMLAxiomLogFacl,2).
tset_flag|EMLAXiomLogFac2,2).
$set_flag(EMLAXiomLogFacd, 2).
tset_flag(EMLAxiomLogFac5,2)
tset_flag{EMLAXiomHidOpt, 901000000).
*}

History

end of list.

end_problem.

-FProblem=1 -PGiven=1 -DocProof=1

-EMLTranslation=0

Warning: Flag EMLFuncNde(® has no effect together with relational translation method

[Axiom Input Term]: not(and(implies(not(box(r,box(r,box(r,not{box(r,p)l}))) . box(r,p)),true)
ined AxiomFlag:

[Axiomatic Translation Input] (not (implies (not (box (r) (box (r) (box (r) (mot (box (r) (p)))

Requested Composition

In routine eml_AxiomaticStd pnav: eml_EliminateTrue Term = {not (implies (not (box (r) (box (r)

[Axiomatic Translation Standardized] (and (not (box (r) (box (r) (box (r) (not {(box {(r) {p})))}

[Axiomatic Translation Def Units]

ITS 1 :box(r

TTS 2 :box(r,not(box(r, P}

ITS 3 :box(r,box(r, no:(bm((r,p))))

Using SPASS 3.0 + Axiom. Trans code base. Email bug reports to smithk@cs.man. ac.uk

Best viewed with Firefox (default font sizes)
KISmith, 2007

http:f fwww2.cs.man.ac.uk/~smithk/KISpass/main.html#link2




Maxiom T [ axiom B

Override Protections

Choose Axiams

axiom D [Taxiomd4 [ axiom5 [ axiom altl
Maiom4*2 I 43 7 521 53 [ alk1™11 I alt1™2 1 alt1"21 I alei1*22

Set Parameters Axioms

& off ~ on The Web based extended-SPASS
interface (3)

EMLAxiom &p 1
EMLAxiomLogd o = EM::E:E“::“E; o=
EMLAxIiomLogS o =| E:LCIMSLEED ° =
EMLAxiomLogD o = EMLcImL:T lo =l
EMLAxiomLogT o =] L clmL gB ° =
EMLAxiomLogB [o = EMLclmL:gmn [: —:
. assLog - .
EMLAxiomLogAlt1 [0 =] EMLClassLogdk [0 =] ¥ Settingextended-SPASBarameters
EMLAxIomLOog4K o = £ =l
. EMLC lassLog5K o - H
EMLAxiomLogSK [0 =] EMLClasi g.ﬂ-lnl{“‘l_;: ¥Calculatorfor optionsflags
EMLAxiomLogAlt1KK [0 =] EHLCLmLEEF ‘ =
EMLAxiomLogFact ||:= | Emﬂaﬁmg:: o =
EMLAxiomLogFac? | o - EMLCla“LngFa:d | .
EMLAxiomLogFacd [0 =] Eﬂma‘smg:cﬁ ° =l
EMLAxiomLogFacs [0 =i assLoghacs o =
os =10 = 2o = . . . . .
EMLAxiomOptions 'O CELOE ¥use it online at http://project.kjsmith.net
:“ = T’ = j” g ¥download it at http://project.kjsmith.net
g = 1o =20 - o0
EMLAXxiomHidOpt 3o =] 46 =] 56 =] ¥additional feature requests
6o =70 =80 =] | john@Kkjsmith.net
Do not use composition for axiomatic translation of Axiom B |  off | an
Do not use composition for axiomatic translation of Axiom D | = off " on
Do not use composition for axiomatic translation of Axiom alt1 | i :}ffl on
Do not use composition for axiomatic translation of Axiom 4 | & off | < on
Do not use composition for axiomatic translation of Axiom 5 | & n-ff| T an
Do not use composition for axiomatic translation of Axiom 4°K | & off | < on
Do not use composition for axiomatic translation of Axiom 5K | " c.ff| " on

Do not use composition for axiomatic translation of Axiom altl“lrclr{| “ aff | ™ an
Do not use set precedence.

|F'r:|.l‘f|""u||

lgnore logic flag warnings [activate experimental mode) | L m‘fl i an
Exclude optional positive shortcuts in axiomatic translation | & off | < on
Do not sort term names | # off | on
Do not use composition for any axiom in axiomatic translation | = aff | ™ an
Always Use Substituted Symbol Mames | # off | < on

Do Mot Use Print Statements

HeverlsePositiveShortcuts

[# off[ € an| full
|="'|:n‘1'|r' an







Input .. " (M(r,p)—p) in K5 T
Standardized .. M(r,p)Ap or A(M(r,p),p)
Instantiation set .. { Mrp) , p, M(r,p)Ap }

DEF[M(r,p)] VX (OMrp(X) < 7Q-mp (X))

VX (Omep(X) — VY (R A(X,Y) — Qu(Y)))
VX(Q-Mrp(X) — TY(RA(X,¥Y) A Q(Y)))
VR (QMrp-p (X) 2 70 Mepp (X))

VX (QMepp(X) — (Q-p(X) A Omep(X)))

VAN
VAN
DEF[A(M(x,p),(p))] A
VAN
A VE(QorMrpp (X) — (Qp(X) V Qump(X)))
VAN
M
VAN

DEF[p] VX(Q,(X) < 7Q.,(X))
M Instantiation set .. { (r,p) }
5[M(x,p)] VX (Qurp(X) V VY (TRA(X,Y) V "Owmp(Y)))

5[M(x,~(M(x,p)))] AN VE(OM-Mrp (X) V' VY (TR (X,Y) V "Ome-Mep(Y)))
DEF[M(xr,~(M(r,p)))] A VE(OM-Mep(X) > TQ-mr-Mrp (X))
A VE(OMr-Mrp (X) — VY(RA(X,Y) — Qmrp(Y)))
A VE(Q-Me-Mrp (X)) — TY(R(X,Y) A Omep(Y)))
M Instantiation set .. { M(r,p), M(r,~(M(r,p)))}
T[M(r,p)] A VX(TOQup(X) V QO (X))
T[M(xr,~(M(r,p)))] A VE(TOM-Mrp (X) V' Qomrp (X))




SPASS -EMLAxiomLog5=1 -EMLAxiomLogT=1 T.dfg

[Axiom Input Term]: not(implies(box(r,p),p))

Axiomatic Translation version 1.0.2 @KJSmith 2008.
[Axiomatic Translation Input] not(implies(box(r,p),p))
Requested Composition ..... K,50,T

[Axiomatic Translation Standardized] and(box(r,p),not(p))
[Axiomatic Translation Def Units]

DEFUNITS 1 :box(r,p)

DEFUNITS 2 :p

DEFUNITS 3 :and(box(r,p),not(p))

Translation of DEF = box(r,p)

2ndTERM =
forall([U],implies(Qbox_r_p(U),not(Qnot_box_r_p(U))))
2ndTERMSC =
forall([U],implied(Qbox_r_p(U),not(Qnot_box_r_p(U))))
1StTERM =
forall([U],implies(Qbox_r_p(U),forall([V],implies(Rr(U,V),Q
P(V)))

3rdTERM =
forall([U],implies(Qnot_box_r_p(U),exists([V],and(Rr(U,V),Q
not_p(V)))))

Translation of DEF = and(box(r,p),not(p))

2ndTERM =
forall([U],implies(Qand_box_r_p_not_p(U),not(Qnot_and_box_r
_p_not_p(U))))

2ndTERMSC =
forall([U],implied(Qand_box_r_p_not_p(U),not(Qnot_and_box_r
_p_not_p(U))))

1stTERM =
forall([U],implies(Qand_box_r_p_not_p(U),and(Qnot_p(U),Qbox
_r_p(V)))

3rdTERM =
forall([U],implies(Qnot_and_box_r_p_not_p(U),or(Qp(U),Qnot_
box_r_p(U))))

Translation of DEF = p

2ndTERM = forall([U],implies(Qp(U),not(Qnot_p(U))))
2ndTERMSC = forall(JU],implied(Qp(U),not(Qnot_p(U))))
[Axiomatic Translation: Logic K]
and(exists([U],Qand_box_r_p_not_p(U)),forall([U],implies(Qn
ot_box_r_p(U),exists([V],and(Rr(U,V),Qnot_p(V))))),forall([
U],implies(Qbox_r_p(V),forall([V],implies(Rr(U,V),Qp(V)))))
Jforall(JU],implied(Qbox_r_p(U),not(Qnot_box_r_p(U)))),fora
lI([U],implies(Qbox_r_p(U),not(Qnot_box_r_p(U)))),forall([U
].implies(Qnot_and_box_r_p_not_p(U),or(Qp(U),Qnot_box_r_p(U
)))),forall(JU],implies(Qand_box_r_p_not_p(U),and(Qnot_p(U)
,Qbox_r_p(U)))),forall([U],implied(Qand_box_r_p_not_p(U),no
t(Qnot_and_box_r_p_not_p(U)))),forall([U],implies(Qand_box_

[Axiom T]:[r in term:box(r,p)].
forall(JU],or(not(Qbox_r_p(U)),Qp(V)))
[Axiom T]:[r in term:box(r,not(box(r,p)))].
forall([U],or(not(Qbox_r_not_box_r_p(U)),Qnot_box_r_p(U)))
0: Qand_box_r_p_not_p
1: Qbox_r_p
2: Qnot_box_r_p
3:Qp
4: Rr
5: Qnot_p
6: Qnot_and_box_r_p_not_p
7: Qbox_r_not_box_r_p
8: Qnot_box_r_not_box_r_p
Using Inverse Popularity + Subformulae Ordering.
Re-Organized Precedence = equal > true > false > div > id >
R>r>p>qg>Rr>Qnot_and_box_r_p_not p >
Qnot_box_r_not_box_r_p > Qand_box_r_p_not_p > Qnot_p > Qp >
Qbox_r_not_box_r_p > Qnot_box_r_p > Qbox_r_p
FINAL TERM:
and(exists([U],Qand_box_r_p_not_p(U)),forall([U],impli
es(Qnot_box_r_p(U),exists([V],and(Rr(U,V),Qnot_p(V))))),for
all([u],implies(Qbox_r_p(U),forall([V],implies(Rr(U,V),Qp(V
M) forall([U],implied(Qbox_r_p(U),not(Qnot_box_r_p(U))))
Jforall([U],implies(Qbox_r_p(U),not(Qnot_box_r_p(U)))),fora
lI([U],implies(Qnot_and_box_r_p_not_p(U),or(Qp(U),Qnot_box_
r_p(V)))),forall([U],implies(Qand_box_r_p_not_p(U),and(Qnot
_p(U),Qbox_r_p(U)))),forall([U],implied(Qand_box_r_p_not_p(
U),not(Qnot_and_box_r_p_not_p(U)))),forall([U],implies(Qand
_box_r_p_not_p(U),not(Qnot_and_box_r_p_not_p(U)))),forall([
U],implied(Qp(U),not(Qnot_p(U)))),forall([U],implies(Qp(V),
not(Qnot_p(V)))),and(forall([U],implies(Qnot_box_r_not_box_
r_p(U),exists([V],and(Rr(U,V),Qbox_r_p(V))))),forall(JU],im
plies(Qbox_r_not_box_r_p(U),forall([V],implies(Rr(U,V),Qnot
_box_r_p(V))))).forall([U],implied(Qbox_r_not_box_r_p(U),no
t(Qnot_box_r_not_box_r_p(U)))),forall([U],implies(Qbox_r_no
t_box_r_p(U),not(Qnot_box_r_not_box_r_p(U))))),forall([U],0
r(Qbox_r_not_box_r_p(U),forall([V],or(not(Rr(U,V)),not(Qbox
_r_not_box_r_p(V)))))).forall([U],or(Qbox_r_p(U),forall([V]
,or(not(Rr(U,V)),not(Qbox_r_p(V)))))),forall([U],or(not(Qbo
x_r_not_box_r_p(U)),Qnot_box_r_p(U))),forall([U],or(not(Qbo
x_r_p(U)).Qp(V))))

SPASS V 3.0

SPASS beiseite: Proof found.

Problem: T.dfg

SPASS derived 7 clauses, backtracked 0 clauses and kept 27
clauses.

SPASS allocated 574 KBytes.




